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There is a set of first-order differential equations for the curvature tensor in general relativity 
(the "curvature equations" or CEs for short) that are strikingly similar to the Maxwell equations 
of electrodynamics. This paper considers whether Mother Nature may have used the same basic 
pattern for her laws of gravitation and electrodynamics, in which case the CEs might be viewed as 
the fundamental field equations of gravitation in place of Einstein's equation. This is not a new 
theory of gravitation (because the CEs are derivable from Einstein's equation), but rather is a mild 
reinterpretation of general relativity that solves the vacuum-energy problem and the dark-energy 
problem of cosmology. We show that: (1) any solution of Einstein's equation is also a solution of the 
CEs; (2) the CEs solve the vacuum-energy problem in as much as the vacuum energy of quantum 
fields has no effect on the curvature or the metric of spacetime, according to these equations; (3) 
if conditions implied by the principle of equivalence are obeyed, then the CEs are equivalent to 
an Einstein equation with an additional contribution to the energy-momentum tensor that takes 
the form of a cosmological term, but the cosmological constant, in this context, is a free parameter 
unrelated to the vacuum energy of quantum fields; and (4) Einstein's field equation with cosmological 
term turns out to be a first integral of the curvature equations, and the cosmological constant is 
an integration constant determined by the initial conditions for the universe. These results allow 
one to understand, in a natural way, how the effective energy density of the observed cosmological 
constant can be so vastly smaller than estimates of the vacuum energy of quantum fields and why 
the vacuum energy of quantum fields does not contribute as a source of curvature. 

PACS numbers: 04.20.-q, 04.20.Cv, 04.20.Dw, 04.90. -|-e, 95.35.-|-d, 98.80.-k, 98.80.Bp 



I. INTRODUCTION 

There exits a close formal analogy between certain 
equations for the curvature tensor in general relativity 
and the equations of classical electrodynamics. Using 
the Einstein field equations (with or without the cosmo- 
logical term) and the Bianchi identity, it is easy to show 
that the curvature tensor R°'p^j,v obeys the "curvature 
equations" (or CEs for short) 

Vcji?Q/3^,y -I- Vi,i?Q/3^^ + V ^Rafjpuj = 0, (la) 



The curvature equations ([!]) are formally analogous to 
Maxwell's equations 



0, 



(3a) 



(3b) 



(lb) 



where paj) is the Bianchi identity itself and the source 
term Jq/j'' is determined by the energy-momentum tensor 
T^^ and its derivatives as 



In fact, for each independent choice of the indices a/S (= 
01, 02, 03, 12, 13, and 23), equations (P) are formally 
identical to Maxwell's equations. The formal similarity 
between Maxwell's equations and the CEs has been noted 
by others [1, 2, 3, 4]. 

The analogy goes further. As emphasized by Misner, 
Thorne and Wheeler j^, the gravitational analogue of 
the Lorentz force law 
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where 



^ a ^ a <2 a 



(2a) 



(2b) 



is not the geodesic equation but the equation of geodesic 
deviation 



2tQ 



~d^^ 



dx^dx- 



(5) 



is the Hilbert conjugate of T^,'' and T = T^^. (see Ap- 
pendix 1^ for a derivation) . 



where ^" is the separation between neighboring geodesies 
and D/dr the absolute derivative. Here again we see 
the similar roles played by F"^ and R"^ p^i, in the two 
theories. 

The analogue of the vector potential A^, which deter- 
mines the electromagnetic field tensor 
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is the set of afRne connection coefScients T"^^, which 
determines the curvature tensor 

Note the similarity of the first two terms in ([7]) and the 
terms in ([5]) [the non-hnear terms in ([7]) presumably being 
associated with the fact that the (pseudo) energy of the 
gravitational field is itself a source of gravitational field] . 

Even the geometric interpretation of the curvature ten- 
sor has an electromagnetic analogue. The potentials 
may be viewed as connection coefficients on a principle 
fiber bundle, and the F^^s, are then the curvatures asso- 
ciated with these connections 0] • 

We may also note that the curvature equations are 
derivable from an action principle that is analogous to 
the one for classical electrodynamics. In electrodynamics 
the field tensor 

F^,^ = V^A^ - V^^^ (8) 

is derivable from a vector potential This is the con- 
tent of, and the solution to, the first Maxwell equation 
Pap . Then, for arbitrary but small variations 5A^ of the 
vector potential, the action for the electromagnetic field 

i, 

Sem = ^ [ (F^'^F^, + IGirrA,) ^ d^x, (9) 

is stationary {6Sem — 0), if and only if F''" satisfies the 
second Maxwell equation (j3bp . 

On the basis of the gravitational-electromagnetic anal- 
ogy, we expect that the action for the gravitational field 
R'^p^^, for a prescribed source term J^^, is the analogue 
of the electromagnetic action (jH) , namely 

(10) 

A gravitational field ^"^^i^ derived from "potentials" 
^'q/S by means of Eq. (I7|) is a solution of the first curva- 
ture equation (|la[) . just as a field tensor F^^^, derived from 
a vector potential A^ by means of Eq. ([S]) is a solution of 
the first Maxwell equation ([5a|) . Continuing to follow the 
gravitational-electromagnetic analogy, we calculate the 
variation SSg of (|10p resulting from a variation ST'^^p 
of the "potentials" T^^^, treating these as variables in- 
dependent of the metric gap (a Palatini variation). The 
variational principle SSg — 0, for small but arbitrary 
ST^^p vanishing on the boundary dT. of the 4-volume E 
of interest, yields the second curvature equation (jlbp . as 
demonstrated in Appendix |B1 The key relation in this 
derivation is the Palatini identity 

SRX. = {ST^p,) - V. (ST^p^) , (11) 

which is exactly analogous to the relation 

SF^, = (SA,) - V, (SA^) (12) 



in electrodynamics. We must caution the reader that 
this variational calculation is not entirely satisfactory. It 
works only if J^p^ is treated as a prescribed source inde- 
pendent of the connection coefficients P^^^ . We have not 
yet found an action principle from which the curvature 
equations. Maxwell's equations, and particle equations of 
motion can be derived in a fully consistent manner. 

Not all of the results derived from the curvature 
equations are exactly analogous to those derived from 
Maxwell's equations because the field tensors R'^p^i, and 
F^j^n are of different rank, but the similarities are nev- 
ertheless often striking. Covariant derivatives acting on 
the higher rank curvature equations frequently generate 
more terms in a result than in the analogous calculation 
based on the Maxwell equations. For example, the wave 
equation for F^i, in curved spacetime is 

U?F^, = 4^(V^J,- V,J^) 
+ R'^ F — R" F 

+ {R^f/^ - R'^i^'^p.) Pra, (13) 

whereas the wave equation for R^p^^, derived from the 
curvature equations by essentially the same steps, reads 

□^i?^ = 47r(V^JV-V.JV) 

I pO" pa pO" pQ 

I ^ fj.^ f3crv ^ Pan 

+ 2 {R°'„'^^R''p^-, - R''/^R''p^^) . (14) 

Here only the last line deviates from an exact formal 
analogue of Eq. (fT^ . 

The above results amply illustrate the striking sim- 
ilarity between the curvature equations and Maxwell's 
equations, but there is one place in conventional general 
relativity (CGR) where the gravitational-electromagnetic 
analogy breaks down. In electrodynamics the Maxwell 
equations are viewed as the fundamental equations of the 
theory, but in CGR, the analogue of Maxwell's equations, 
namely the curvature equations, are not viewed as the 
fundamental equations of gravitation. Rather, the Ein- 
stein equation C^" = SirGT^'^ /c'^ (either with or without 
the cosmological term) plays this role. 

This raises the intriguing question "Is it possible that 
Mother Nature has chosen the same basic pattern for her 
equations of gravitation and electrodynamics?" That is 
to say, is it reasonable to view the curvature equations 
(P) as the field equations of gravitation in place of Ein- 
stein's equation? By postulating that the CEs are the 
proper field equations of general relativity, we complete 
the formal gravitational-electromagnetic analogy and we 
find that the vacuum energy problem and the dark energy 
problem have natural solutions within this framework. 

It must be emphasized at the outset that this is not a 
new theory of gravitation. As shown in Appendix A, the 
curvature equations are derivable from the conventional 
Einstein equation, with or without the cosmological term, 
and consequently are true relations in conventional gen- 
eral relativity. The present paper does nothing more than 
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suggest that, among the correct equations of conventional 
general relativity, the curvature equations might better 
serve as the field equations of the theory than the Ein- 
stein equation. Furthermore, the choice of the curvature 
equations as the field equations of general relativity does 
not abandon the Einstein equation, which is recovered as 
the first integral of the curvature equations, but with a 
new interpretation for the cosmological constant and no 
contribution from the vacuum energy of quantum fields. 
These changes solve the vacuum-energy problem and the 
dark-energy problem while keeping the Einstein equation 
as the working field equations of general relativity.. For 
these reasons, the present work is properly viewed as a 
mild reinterpretation of general relativity, and not as an 
alternative theory of gravitation. 

In our work with the curvature equations, we adhere to 
the principle of equivalence and the principle of general 
covariance (the fundamental postulates of general rela- 
tivity). In view of the various proofs that the Einstein 
equation follows from these postulates, one might wonder 
how we can seriously consider a different set of field equa- 
tions for general relativity. The answer is that Einstein's 
equation does not follow from these postulates alone, but 
from these postulates plus the lower status assumption 
that the field equations should contain no higher than 
second-order derivatives of the metric tensor (the cur- 
vature equations contain third-order derivatives of the 
metric, and thus are ruled out by this assumption). Here 
we drop the "second-order assumption" , and instead fol- 
low the gravitational-electromagnetic analogy in our se- 
lection of field equations. This docs not mean that we 
will continually be dealing with third-order partial dif- 
ferential equations (which, admittedly, is distasteful to 
many physicists) because it turns out that the second- 
order Einstein equation, with cosmological term deter- 
mined by initial conditions and no contribution from vac- 
uum energy, is a first integral of the curvature equations, 
and it is this equation that one routinely works with to 
obtain solutions of the curvature equations. 

In the following section we define, for the purpose of 
this paper, what we mean by the terms "vacuum-energy 
problem" , "dark-energy problem" , and "cosmological- 
constant problem" . In Section [ni] we discuss various 
properties of the CEs, and show that: (1) any solution 
of the conventional Einstein equation is also a solution 
of the CEs; (2) according to the CEs, the vacuum en- 
ergy of quantum fields is not a source of curvature, and 
has no effect on the metric of spacetime; and (3) the 
CEs have the correct Newtonian limit. Section HVl shows 
that the first integral of the curvature equations is an 
Einstein equation in which the energy-momentum tensor 
is augmented by an "integration tensor" (a set of inte- 
gration functions), which obey certain condition. The 
dark-energy problem is addressed in Section |Vl where it 
is shown that the integration tensor for the CEs takes the 
form of a cosmological term, when reasonable conditions 
are imposed on the vacuum state, and the cosmological 
constant in this Einstein equation does not represent the 



energy density of the quantum vacuum. The paper con- 
cludes in Section IVIII with comments on the central re- 
sults of the paper and on the shortcomings of this answer 
to the dark-energy and vacuum-energy puzzles. 

II. THE VACUUM-ENERGY, DARK-ENERGY, 
AND COSMOLOGICAL-CONSTANT PROBLEMS 

There is some confusion in the literature as to 
what exactly is meant by the terms "vacuum-energy 
problem" , "dark-energy problem" , and "cosmological- 
constant problem." In this section we define what we 
mean by these terms for the purpose of the present pa- 
per. 

The vacuum- energy problem has a long history. As 
soon as it became evident that quantization of the elec- 
tromagnetic field implies a large (perhaps infinite) energy 
density for the vacuum, it was clear that this poses a 
problem for general relativity; for if reasonable estimates 
of the energy density PqvC^ of the quantum vacuum (qv) 
are taken at face value and used as the source term in 
Einstein's equation, the resulting spacetime metric is vi- 
olently at variance with experience Q. But there were 
many divergent quantities in the young quantum electro- 
dynamics (QED), and so the gravitational problem was 
largely ignored until: (1) the advent of renormalization 
theory, which showed that QED is a viable theory, and 
(2) the prediction by Casimir and the subsequent exper- 
imental demonstration that the vacuum energy has mea- 
surable consequences , |Tl| , indicating that the vacuum 
energy cannot simply be ignored. However, renormal- 
ization theory did not solve the vacuum-energy problem 
for gravitation. Today estimates of the vacuum energy- 
momentum tensor of quantum fields still give nonsensi- 
cal results when used as source term in Einstein's equa- 
tion, and the current practice in general relativity is usu- 
ally to simply ignore this immense contribution to the 
energy-momentum tensor when solving Einstein's equa- 
tion [l^. For the purpose of this paper we define the 
vacuum-energy problem narrowly as the following ques- 
tion. 

Vacuum-Energy Problem: 

Why is it that the immense vacuum energy 
density of quantum fields does not contribute 
to the energy-momentum tensor as a source 
of curvature in Einstein's equation? 

The phrase cosmological- constant problem has an even 
longer history than the vacuum energy problem. In 1917 
the cosmological term Agf^"^ was added by Einstein to his 
field equation as 

Agf"" = ^^T'''' , (15) 

in order permit a solution representing a static universe 
[T^ l. but was famously rejected by him as his "greatest 
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blunder" when he became aware of Bubble's discovery of 
the expanding universe [Eddington's later demonstration 
that the cosmological term does not give stable static 
solutions of Eq. also argues against a static universe 
of the Einstein type After this, many cosmologists 

were content to invoke Ockham's razor and work with an 
Einstein equation not containing a cosmological term (a 
notable exception to this thinking is found in the work 
of Carroll, Press, and Turner who anticipated the need 
for a cosmological term[l5^ when it was not popular). We 
define the phrase cosmological- constant problem to be the 
questions: 

Cosmological-Constant Problem: 

Should there be or should there not be a cos- 
mological term in Einstein's equation? And, 
if there should be such a term in Einstein's 
equation, what is its physical interpretation 
and how is its value to be predicted? 

There was an abrupt change in the conventional wis- 
dom concerning the cosmological term in recent years re- 
sulting from the hi gh- redshift supernovae observations of 
Perlmutter et. al. 11611 . Riess et.al. [13, Tonry et.al. 
and Knop et.al. [l9|; and corroborated by the cosmic 
microwave background observations of Spergel et.al. (20l | 
and Sievers et.al. |21|, showing that the universe is in 
a state of accelerated expansion. The accelerating ex- 
pansion can be "explained" by a cosmological term in 
Einstein's equation with a certain value for the cosmo- 
logical constant, but the physical origin if such a term is 
not understood. 

What seems clear at the present time is that agreement 
with cosmological observations is achieved when we use 
an Einstein equation of the form 



(16) 



in which: (1) the immense vacuum energy-momentum 
of quantum fields T/^^ = —pqyC^g^^" is ignored; (2) the 
"classical" energy-momentum tensor Tj^'^ of known mat- 
ter and radiation, which at the present time consists of a 
pressureless "dust" of galaxies and the cosmic microwave 
background radiation (CMBR), is included; and (3) a 
"dark-energy" energy-momentum tensor of the form 



-Pdc^g^". 



(17) 



with effective mass density pd = ^dPcr with U.^ = 0.7 ± 
0.1, is added to the source term of Einstein's equation 
to account for the accelerated expansion of the universe. 
Here pcr is the critical density. 



Pc 



3Hl 
8nG 



1. 



X 10 



'29 



cm^ 



(18) 



where h = Ho/[100{km/ s)/Mpc] and Hq is the Hubble 
constant [we are using a metric with signature (-1, 1, 1, 
1)]. From the point of view of quantum field theory, the 



"classical" energy-momentum tensor T^'^ represents ex- 
citations of quantum fields above the vacuum state, i.e., 
material particles and field excitations such as photons. 

The "dark-energy" tensor T^'' has the same form as 
the energy-momentum tensor of the quantum vacuum 
T^^ — — pqvC^ g'^'^'^ , which is also the same as the equiv- 
alent energy-momentum tensor T^" of a cosmological 
term, 



Ac^ 
'8^ 



(19) 



This has lead to the popular surmise that the dark en- 
ergy and the cosmological term are one and the same, 
Pd — Pk — I^ttG, and that T^'^ is perhaps the vacuum 
energy-momentum tensor of some quantum field (or com- 
bination of quantum fields) not yet understood. There 
are many proposed models for the dark energy that differ 
from the locally Lorentz invariant form —pc^g^'^ (with p 
a constant) ranging from scalar field models, to higher- 
dimensional models, to various modifications of general 
relativity [l^. We do not consider these models in this 
paper because the CEs lead naturally to a cosmological 
or vacuum-energy like term p?)) in Einstein's equation, 
and this is sufficient for our present purpose. 

The surprise in fitting Eq. p6p to observation is that 



the dark-energy density 



turns out to be vastly 



smaller than estimates of the vacuum energy density of 
quantum fields; pdC^ being smaller than these estimates 
by as much as 120 orders of magnitude. For our purpose, 
the dark-energy problem is the question: 

Dark-Energy Problem: 

What is the dark energy, and how can its 
density pdC^ be so vastly smaller than esti- 
mates of the vacuum energy density of quan- 
tum fields ? 

For the purpose of the following discussion, we define 
conventional general relativity (or CGR for short) as Ein- 
stein's theory with the full energy-momentum tensor T'^" 
acting as the source term in Einstein's equation, 



SttG 



(20) 



We take the full energy- momentum tensor T'^'^, includ- 
ing the vacuum energy of quantum fields, as the proper 
source term for the conventional Einstein equation be- 
cause there does not appear to be any logically sat- 
isfactory way to keep only certain desirable energy- 
momentum tensors to the exclusion of others we might 
prefer to ignore. The full energy- momentum tensor is 
understood to be the classical energy-momentum ten- 
sor T^'^ together with the energy-momentum tensor 
of the quantum vacuum T^^" and the effective energy- 
momentum tensor T^" associated with a cosmological 
term, if the latter represents an energy-momentum ten- 
sor different from Tj^y , 



^ nil ' A • 



(21) 
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We do not explicitly include a dark-energy term T^"^ = 
—pdC^g^'^ here because, we do not believe this is the 
energy-momentum tensor of any field, but rather has an 
entirely different interpretation based on the curvature 
equations. 

In the following sections, we show that the cur- 
vature equations answer the vacuum-energy problem, 
the cosmological-constant problem, and the dark-energy 
problem in a natural way, and provide insight into the 
nature of dark energy. 



III. PROPERTIES OF THE CURVATURE 
EQUATIONS 

Let us formally introduce our postulate for the reinter- 
pretation of general relativity. 

Postulate: The spacetime metric gap obeys 
the curvature field equations, 

Vi^i?a/3/ii/ + ^uRaPu^ii + V^i?Q/3iya; — 0, (22a) 



V.Raf}^" - -AirJap'', (22b) 

where the source term J^^ is determined 
by the full energy-momentum tensor T^^ = 
j^ti/ _|_ rpfiu _|_ rpiAu dcrivativcs as 

Ja/ = ^ {^.f; - ^0^) , (23) 

where TJ' = TJ" - 5/T/2 is the Hilbert con- 
jugate of the energy-momentum tensor TJ^. 
The curvature equations are viewed as the 
fundamental field equations of general relativ- 
ity, replacing the conventional Einstein equa- 
tion for the purpose of predicting the geome- 
try of spacetime. 

These equations determine the curvature tensor R"^^^ 
generated by a given source term J^^ in a manner analo- 
gous to the way Maxwell's equations determine the elec- 
tromagnetic field tensor F^j^ generated by a given current 
density J''. But the CEs do not determine the metric ten- 
sor gaf} uniquely. Because these equations are generally 
covariant, the metric g^fj obtained from gajS by a coor- 
dinate transformation is also a solution of the curvature 
equations, and so, just as for the conventional Einstein 
equation, there is a fourfold ambiguity in the solutions 
of the CEs corresponding to the four arbitrary functions 
2-/2 = x'^{x'^) of a coordinate transformation. 

Again following the gravitational-electromagnetic 
analogy, we need a particle equation of motion analo- 
gous to the Lorentz force law to complete the theory. 
We could surmise from the principle of equivalence that 
the geodesic equation is this equation of motion, but it 
is more convenient for our present purpose to apply the 



principle of equivalence to the energy-momentum ten- 
sor. In a local inertial reference frame, the conserva- 
tion of energy and momentum is described by the law 
Q^j'tiv _ TYie principle of equivalence then suggests 
that the corresponding generally covariant law in curved 
spacetime is obtained by replacing the partial derivative 
di, by the covariant derivative Vi/ (the so-called comma- 
to-semicolon rule in a different notation) . Thus we expect 
that Vi/T'^" = is the correct expression for local energy 
and momentum conservation in curved spacetime, as it 
is in CGR. But the 9^ — ^ Vi, rule is not always vahd, 
as, for example, when transforming the wave equation 
for the vector potential in electrodynamics [1^. There- 
fore we elevate this plausible surmise to a condition that 
must be satisfied in order for our subsequent conclusions 
to apply: 

Condition 1: The energy-momentum ten- 
sor T'"' for matter, radiation, and/or vac- 
uum obeys the local conservation law 



S/^Tf"" = 
for energy and momentum. 



(24) 



As is well known from conventional general relativity, 
this condition contains the geodesic equation 



d^xt' 
dr^ 



^ dx" dxl^ 







(25) 



as a special case derived by using the energy-momentum 
tensor for a single particle in Eq. This calculation 

appears as the second step in the "problem of motion" in 
conventional general relativity, where the geodesic equa- 
tion is derived from the Einstein field equation, for the 
purpose of showing that the geodesic equation is a conse- 
quence of the field equation alone and need not be postu- 
lated separately (23.1251 [2^. The first step in this calcu- 
lation is to show that Eq. ([M)) follows from the Einstein 
equation, which of course it does because the Einstein 
equation was fashioned to be consistent with Eq. 
[we recall that Einstein's first attempt at a field equation 
for general relativity was of the form i?'^" = kT^^"^ with k 
a constant, but he rejected this equation when he realized 
that it was not consistent with Eq. ([M]) ]. In short, Ein- 
stein felt so strongly that Eq. ([M]) must be correct that 
he effectively used this as a postulate in constructing his 
theory. But, having derived his field equation in this way, 
Eq. was no longer needed as a postulate because it 
could then be derived from the field equation. In the 
present approach, Eq. does not follow directly from 
the curvature equations and therefore it must be postu- 
lated separately, although its truth is extremely plausible 
from the principle of equivalence alone, as Einstein knew 
very well. 

Our second condition also follows from the principle 
of equivalence and is familiar from conventional general 
relativity. The source term S'^'^ in a generic Einstein 
equation C^"^ = SttGS'^'^ /c'^ generally consists of a part 
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Tj!'" representing all excitations of quantum fields above 
the vacuum state, i.e., material particles and field exci- 
tations such as photons, and a part S!^" describing how 
the vacuum acts as a source of curvature: 

S^"" = + S^;". (26) 

It is usually assumed that 5^"^ is of the locally Lorentz 
invariant form 

Sr = -Pvc'g^-, (27) 

with py a constant. This form implies that the "vacuum 
energy density" pyC^ is the same in all local inertial refer- 
ence frames, and that the "vacuum momentum density" 
TT* — —pyCrf'^ vanishes in all local inertial frames. Any 
other form for the vacuum source leads to different vac- 
uum properties in different local inertial frames (different 
vacuum energy densities and nonzero effective vacuum 
momentum density in different local inertial frames), and 
such is clearly at variance with the principle of equiva- 
lence. We shall refer to S!^'^ , namely whatever is left on 
the right hand side of Einstein's equation in the absence 
of any excitations of quantum fields (when Tj^'^ = 0), as 
the Einstein vacuum, and we introduce a condition re- 
quiring the Einstein vacuum to be of the locally Lorentz 
invariant form, so as to be fully consistent with the prin- 
ciple of equivalence. 

Condition 2: // the spacetime metric Qf^u 
obeys an Einstein equation 

G^"" = ^ (T^" + SI;;") (28) 

in which T^'^ is the energy-momentum tensor 
of all quantum excitations above the vacuum 
state, then the Einstein vacuum S!^'^ must be 
of the locally Lorentz invariant form 

Sr = -Pvc'g^", (29) 

with pd a constant, whether or not S!^'^ is the 
vacuum energy-momentum tensor of a quan- 
tum field. 

We proceed now to study various properties of the cur- 
vature equations. First off, we show that, according to 
the curvature equations, the vacuum energy-momentum 
tensor of a quantum field, T^^^ = —pgyC^g^^" , contributes 
nothing to the source term J^^ of the curvature equa- 
tions. For this form of energy-momentum tensor, the 
Hilbert conjugate T^'^ of T^^ ^ is a constant multiple of 
the metric tensor 6J^, 

= - ^SJ^T,, = p,ycX^, (30) 

and, therefore, the covariant derivatives in Eq. (|23p van- 
ish, and the quantum vacuum has no effect on the so- 
lutions g^j/ of the curvature equations. The same can 



be said for the effective energy-momentum tensor T^^" = 
—pAC^gi^'^ associated with the cosmological term because 
this is also a constant multiple of the metric. Hence we 
have: 

Result I: The vacuum energy-momentum 
tensor of quantum fields and the effective 
energy-momentum tensor of the cosmological 
term contribute nothing to the source term 
J^p of the curvature equations, and therefore 
have no affect whatever on the curvature or 
metric of spacetime. 

This clearly solves the vacuum-energy problem in as 
much as the immense vacuum energy density of quantum 
fields no longer has a catastrophic effect on the metric. 
But this solution of the vacuum-energy problem raises 
another question: // an energy-momentum tensor of the 
form T^" = ngi^'^ , with k a constant, does not influ- 
ence the metric at all, how can the dark energy, with 
energy-momentum tensor of this form, cause the acceler- 
ated expansion of the universe? And the same question 
can be raised with regard to the energy-momentum ten- 
sor T^^ = —pfyC^gi^'^ of the "false vacuum" that drives 
inflation. The curvature equations have answers to these 
questions also, as shown in following sections. 

Consider next whether the curvature equations are 
consistent with known solutions of Einstein's equation. 
As shown in Appendix \^ the curvature equations may 
be derived from the Einstein equation, with or without 
a cosmological term. Therefore, any solution ga/3 of the 
Einstein equation, say one that was the subject of an ob- 
servational test, is also a solution of the curvature equa- 
tions. 

Result II: The curvature equations are con- 
sistent with the conventional Einstein equa- 
tion in the sense that any solution of the con- 
ventional Einstein equation is also a solution 
of the curvature equations 

This is not to say that all solutions of the curvature 
equations are solutions of Einstein's equation. This is 
decidedly not the case, as we shall see in the next sec- 
tion. Result II merely states that there exists a solution 
of the curvature equations which is the same as the solu- 
tion of the conventional Einstein equation for any spec- 
ified energy-momentum tensor, not that this solution of 
the curvature equations is the one realized in nature. In 
fact, the solutions of the vacuum-energy and dark-energy 
problems provided by the curvature equations hinge on 
the curvature equations having solutions different from 
those of the conventional Einstein equation. 

We wish to consider next the Newtonian limit of the 
curvature equations, but first we review the Newtonian 
limit of CGR to set the notation. From the geodesic 
equation (|25p in the low-velocity, weak-field limit [where 
x^^ = {ct,x'^) are Minkowski coordinates, dr « dt, and 
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fl'a/3 ~ Va/s], we identify the Newtonian acceleration due 
to gravity 



cP 



(31) 



The 00 component of the Einstein equation i?^^ — 
87rG(T^^ — g i^ivT 1 2) / , for a time-independent field, 
reads diV^^ = 47rG(2Too + T)/c^. In terms of the grav- 
itational acceleration PT|) . this is the Newtonian field 
equation 



g 



where 



-AnGpg 



2Too + T 



(32) 



(33) 



is the density of active gravitational mass [23| [for 
pressureless matter at rest, in which case T^i, = 
diag{pc^ ,0,0,0), pg is just the inertial mass density p]. 
For a time-independent field, the Christoffel symbol in 
([?T|l is F'qq = — (5'-'(?j((7oo/2), indicating that the gravita- 
tional acceleration is derivable from a potential $: 



g 



(34) 
(35) 



Using dM]) in Eq. 



we obtain the Poisson equation 



with solution 



$(x) = -G f ^^d^x'. 
J x-x' 



(36) 



(37) 



if <i>(x) vanishes at spatial infinity. Finally, the accelera- 
tion due to gravity, Eq. ([34|) . is the negative gradient of 



g(x) = G 



(x'-x)p,(x') 



d\'. 



(38) 



Now for the Newtonian limit of the curvature equa- 
tions, which provides insight into why the vacuum-energy 
density has no affect on the gravitational field. Equation 
pip holds true for our reinterpreted general relativity, 
as it does for CGR, because the geodesic equation is the 
same for both. We write the curvature equation (j22bp in 
the form V^i?"^^'' = -47rJ"^^. Then, in the weak-field 
and static limits, the a^i, (3 = 0, p~0 component 
of this equation reads V^F'qq — AirGS^^djPg/c^. Hence, 
according to the curvature equations, the field equation 
for the gravitational acceleration, in Newtonian approx- 
imation, is the vector Poisson equation 



V^g = -inGS/pg 



(39) 



This equation shows that a uniform mass density {pg = 
constant) contributes nothing to the gravitational field 



g, just as the homogeneous vacuum energy T^^^ = 
—PqvC^g^" contributes nothing to the curvature R"^^^, 
according to the curvature equations. 

The solution of Eq. (|39p that tends to zero at infinity 

is 



J |x-x'| 



(40) 



If the source density p£,(x) — Pc(x) -I- Pqv consists of 
a "classical" mass density Pc(x) of limited spatial ex- 
tent [/Oc(x;) as |x| oo], and a "vacuum" density 
Pqy — constant, then clearly only Pc(x) contributes to 
the integral (j40p . and an integration by parts (with the 
volume integral of a gradient going to zero because Pc(x) 
is zero at infinity) puts Eq. ((40|) into the form 



g(x) = G 



^)Pc 



^'13 



(41) 



which is the same as the Newtonian result ([55]) , but with 
only the inhomogeneous part pd'x.) of the mass density 
contributing. These considerations are summarized in: 

Result III: The Newtonian limit of the cur- 
vature equations is the vector Poisson equa- 
tion 

V^g ^ -AnGVpg (42) 

for the acceleration due to gravity g(x). Ac- 
cording to this equation, a homogeneous "vac- 
uum" part pqy — constant of the source den- 
sity Pg(x) = pc{'x.) -\- pqy contributes not at all 
to the gravitational field g, and, if the inho- 
mogeneous part Pc(x) of the source is nonzero 
only in some limited region of space, then 
this part of the source produces a gravitational 
field g(x) that is the same as if it were the 
only source in Newtonian gravitation theory, 
i.e., the curvature equations have the proper 
Newtonian limit. 



IV. THE FIRST INTEGRAL OF THE 
CURVATURE EQUATIONS 

In this section we consider to what extent solutions 
of the curvature equations differ from solutions of Ein- 
stein's equation. This difference becomes evident when 
we compare the first integral of the curvature equations 
to the conventional Einstein equation. Both are Einstein 
equations but with different source terms. 

We know from Result I that neither the energy- 
momentum tensor of the quantum vacuum T^'^ nor the 
effective energy-momentum tensor T^'^ of the cosmolog- 
ical term contribute anything to solutions of the curva- 
ture equations, because these are nulled by the covari- 
ant derivatives in the source term These tensors 
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also play no role in the conservation law V^T^"^ = 
of Condition 1, because again the covariant derivative 
nulls these parts of the full energy-momentum tensor 
T'"' = T^"' + Tjj'^ + T;^^. For these reasons, T^'^f and 
Ta"' simply do not appear in the curvature equations 



([22| or in the conservation law (p4|l . and we may em- 
phasize this fact by replacing T^'' in these equations by 
Tj^'^ . But, as noted above, this raises the question of how 
a dark-energy contribution of the form T^'^ — —pdc^g^^ 
can cause accelerated expansion of the universe. 

To begin to answer this question, we perform a contrac- 
tion in the first curvature equation to obtain ^ v^ait^ = 
y pR^ ~ ^aRp (the contracted Bianchi identity), and 
then use this, together with the source term (I23p . in the 
second curvature equation (j22bp to put the latter into 
the form 



of a tensor 



(48) 



where Z = and X ~ X^^ . That is to say, the Hilbert 
conjugate contains the same information as the original 
tensor, and the Hilbert conjugate of a Hilbert conjugate 
is the original tensor. Therefore, using (|T7| in Eq. (I45p . 
noting that RJ^ = GJ^ - 6fG/2 is the Hilbert conjugate 
of the Einstein tensor (here G = G^ is not the 
gravitational constant), and taking the Hilbert conjugate 
of the entire Eq. (|l5)) after these substitutions, we obtain 



G ^ = 



BttG 



(49) 



and Eq. now an equation for XJ^, reads 



Rr, 



8ttG 



8ttG 



rp 



2 I" 
1 



-5 

2 " 



0. (43) 



Incidentally, this form makes it obvious that, if gap is a 
solution of the conventional Einstein's equation, i.e., the 
quantities in square brackets vanish, it is also a solution 
of the curvature equations. Equation (j43p shows again 
that the parts = -pq^c^S^" and ^ = -p^c^S^ 

of the energy-momentum tensor make no contribu- 
tion to the curvature equations because the quantities 
in curved brackets for these parts are constant multi- 
ples of the metric tensor (5^", and these are nulled by 
the covariant derivatives in this equation. Therefore 



/I C ^ 



qv 11 

in Eq. to obtain 



Tf^ may be replaced by 



C fl 



^p 



Rr, 



SnG 



SnG 



T.p' 



2 ^ 



rp fl 

c a 



1 



0. (44) 



This shows that a metric gap that satisfies an Einstein 
equation with only the classical energy-momentum ten- 
sor r^'^ acting as source term is also a solution of the 
curvature equations, but such is not the most general 
solution of the curvature equations. If gap is a solu- 
tion of the curvature equations that is not a solution 



of R " = 87rG(T^ 



C fl 



then the quantity 



1 



rp M A l^rp 



(45) 



does not vanish, and Eq. (j44p may be written in terms of 
ZJ" as 



V„Z/ - WpZa^ = 0. 



(46) 



Now Z^ can always be written as the Hilbert conjugate 



2 ^ 



XJ" 



1 



-SJ'X 



(50) 



We have shown that any solution of the curvature equa- 
tions is a solution of the Einstein equation 
with an additive contribution X^ to the energy- 
momentum tensor a^j ^^id must be a solution of 
Eq. (UnD- 

The interpretation of Eq. is clear. The curvature 
equations are differential equations containing derivatives 
of the metric one order higher than those in Eq. (I49p . 
Therefore is the first integral of the curvature equa- 
tions, and the are somewhat arbitrary integration 
functions, subject to condition (|50p . We shall call Xa^ 
the "integration tensor" for the curvature equations. 

If we take the divergence of Eq. , use the identity 
V;,G„^ = and Condition 1, V^T^'" = 0, we obtain a 
second condition on the integration tensor X^'^, 



V^X/ = 0. 



(51) 



Then contracting on indices P and p in Eq. (|50p. and 
using ([5T|) we have 



VaX = daX = 0, 



or 



X 



constant. 



(52) 



(53) 



and use of this in equation ([50]) reduces the latter to the 
simpler form 



(54) 



Because the components X^'^ are integration functions, 
they are determined by initial conditions or boundary 
conditions. Specifically, if we know the curvature ten- 
sor R"p^^ and the energy-monetum tensor on a 
spacelike hypersurface S at some initial coordinate time 
t, then the integration tensor is determined on E by a 
rearrangement of Eq. (|49p . 



Z ^ X - -S ''X 

'-'a ^^a 2 



(47) 



X.. 



c4 ^ , 
8^G 



T 



(55) 
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and the evolution of from these initial conditions is 
determined by Eqs. ([5T]) and as shown in Appendix 
[Cl These considerations lead us to the following result. 

Result IV: Solutions g^^^, of the curvature 
equations are solutions of the first integral 
of the curvature equations, or "new Einstein 
equation", 



in which the energy-momentum tensor T^^'^ 
is augmented by an integration tensor X'^'^. 
The integration tensor X^'^ is subject to con- 
ditions 



(56) 



and 



^.XJ = 



(57) 



(58) 



and is determined by the curvature ten- 
sor R'^p^j^y o,nd the energy-momentum tensor 
Tj, at some initial time via a rearrange- 
ment of Eq. [56\) . 

c4 



(59) 



V. 



and X^ at later time is determined by the so- 
lution of Eqs. \5T^ and h58\) with these initial 
conditions. 



SOLUTIONS OF THE DARK-ENERGY AND 
VACUUM-ENERGY PROBLEMS 



We propose that the so-called "dark energy" is actu- 
ally a manifestation of the integration tensor X^ . It is 
a success of the curvature equations that an integration 
tensor of the form X^^'^ — —pd.c^g^'^ is an allowed inte- 
gration tensor [a solution of conditions ([57]) and ([55)1 ] , for 
this can answer the dark-energy puzzle. The first inte- 
gral of the curvature equations, namely the new Einstein 
equation ([56]) . then takes the form 



Pdc'g^-) 



(60) 



which is known to agree with the observational data relat- 
ing to the accelerated expansion of the universe if pd has 
the value pd — fldPcr with ~ 0.7 ± 0.1 [see Eq. (ITCl) ]. 

Because the components are integration func- 

tions, pdC^ is an integration constant determined by ini- 
tial conditions. Specifically, the contraction of Eq. ([60]) 
gives the formula 



G ^ 



(61) 



for this constant, which can be evaluated at some ini- 
tial point in time, or at any time, since an integration 
constant is also a constant of the motion. 



Result V: The first integral of the curva- 
ture equations corresponding to an integration 
tensor of the form X'^" — ~PdC^9^'^ , with 
Pd = ^dPcr and Vtd = 0.7 ± 0.1, 



BvrG 



{T^ - PdC^g'"') , 



(62) 



accounts for the accelerated expansion of the 
universe. The constant pdC^ is not the energy 
density of the quantum vacuum but an inte- 
gration constant determined by initial condi- 
tions via equation 



PdC^ - i ( Tc - 



SttG^ 



(63) 



where Tr — T^ 



The 



^ . "dark energy" has the 

value it has because of the way our universe 
began, and could have a different value in a 
different universe. 

The most general intergration tensor X^ can be 
ilit into a, tra.celess na.rt Y ^ (Y = Y..^ = 0) and a 



split into a traceless part Y^" (Y — ^ 

part —pdC^S^ determined by a single constant pdC 

as 



x;" = y;^ -pdC^S;. 



(64) 



Because the energy-momentum of all material particles 
and field excitations is, by definition, contained in T^'', 
the integration tensor X^'^ in the new Einstein equation 
([55)1 can only be interpreted as the Einstein vacuum S!^'^. 
Condition 2 then demands that this be of the Lorentz in- 
variant form X'"^ = —pdC^g^^- That is to say. Condition 
2 demands that the traceless part of the integration ten- 
sor vanish, Y^^ = 0, in order that Eq. be consistent 
with the principle of equivalence. 

Let us see specifically how Results IV and V solve the 
vacuum-energy problem, the dark-energy problem, and 
the cosmological-constant problem as defined in Section 
II. 

Vacuum-Energy Problem: The vacuum-energy 
problem exists because the conventional Einstein equa- 
tion (pO| contains the energy-momentum tensor of the 
quantum vacuum T^^^ = —pqvC^g^" as part of its source 
term. As is well known, if reasonable estimates of the vac- 
uum energy density pq^c^ are taken at face value and used 
as the source term in the conventional Einstein equation, 
we derive cosmological solutions that disagree with ob- 
servation by many orders of magnitude. 

The curvature equations, on the other hand, are im- 
mune from the vacuum energy problem because the vac- 
uum energy of quantum fields has no effect on the cur- 
vature or metric of spacetime, according to these equa- 
tions. The first integral of the curvature equations, the 
new Einstein equation (|56p . does not contain the energy- 
momentum of the quantum vacuum because this is a non- 
contributing energy-momentum tensor for the curvature 
equations |28i|. 
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Dark-Energy Problem: The "dark-energy" density 
PdC^ can be vastly smaller than the vacuum energy den- 
sity of quantum fields because this quantity is an integra- 
tion constant for the curvature equations determined by 
initial conditions, and is not the vacuum energy density 
of any quantum field. In fact, the term "dark energy''^ 
is a misnomer. Moreover, the small observed value of 
PdC^ is strong evidence that this is not the vacuum en- 
ergy density of a quantum field. The identification of the 
"dark energy" with an integration constant pdC^ deter- 
mined by initial condition, carries with it the prediction 
that a quantum field with this energy density does not 
exist and will not be found in any search for such a field. 

Cosmological-Constant Problem: The cosmolog- 
ical constant A in Einstein's equation psp can be un- 
derstood as a trivially different version of the integration 
constant pdc^ [A = 87rG(pdC^)/c''], and as such it is deter- 
mined by initial conditions for the curvature equations; 
it does not represent the vacuum energy density of any 
field, and the Einstein equation with cosmological term 
is to be understood as a first integral of the curvature 
equations. 

Our concentration on vacuum energy and integration 
tensors is still a step removed from the main point we 
should emphasize here. We should keep in mind that the 
integration tensor X^^'^ — —pdC^g^'^ is merely the rep- 
resentation, in the first integral of the curvature equa- 
tions, of certain initial conditions for the curvature equa- 
tions. The bare fact of the matter is this: The curvature 
equations admit solutions representing accelerated expan- 
sion even if the energy-momentum tensors T^"^, Tl^v , and 
Tj^'^ are all zero (or perhaps with a negligible density of 
dust particles so that we can track the expansion). This 
hypothetical situation is not so different from the uni- 
verse in which we live, for which the integration tensor 
X^'^ = —pdC^g^'^ dominates the matter and radiation 
represented by Tj!-" in the new Einstein equation ([55)1 . 
The Einstein equation of CGR, on the other hand, re- 
quires a vacuum energy or cosmological term to generate 
accelerated expansion. This again emphasizes the fact 
that accelerated expansion is a matter of initial condi- 
tions for the curvature equations and not a question of 
vacuum energy, and, when the curvature equations are 
adopted as the field equations of general relativity, no 
field of any kind is necessary to account for accelerated 
expansion, . 



VI. INFLATION 

Inflation is driven by the energy-momentum tensor 

Tf!;^ = -PfvC^g^cu (65) 

of the "false vacuum" of grand unified theory [H, [s^, HH, 
[3^ . Given that the form of this tensor is essentially the 
same as the vacuum energy-momentum tensor of quan- 
tum fields, one might expect that the "false vacuum". 



like the true vacuum, would contribute nothing to the 
source term J^^ of the curvature equations. But this is 
not the case. 

The all important difference between the energy- 
momentum tensor (j65p of the false vacuum and the 
energy-momentum tensor = —pqyC^g^^ of a true 
vacuum is that Pfv{t) is a function of time and pq^ is 
a constant. For the false vacuum, the source term of the 
curvature equations, 

= (66) 

does not vanish, and this drives inflation. The false- 
vacuum energy-momentum tensor is a contributing 
energy-momentum tensor and appears in the first inte- 
gral of the curvature equations (|60|) as part of Tj^'^ along 
with any other contributing energy- momentum tensors. 
Consequently inflation is driven by in essentially the 
same way as in CGR. We learn from this example that 
whether an energy-momentum tensor is contributing or 
not depends not only on the form of the tensor at a given 
time but also on how the tensor evolves in time. 



VII. CONCLUSION 

The present paper has as its goal to make plausible the 
idea that Nature has chosen the same basic pattern for 
her equations of gravitation and electrodynamics. The 
central feature of this analogy is the set of curvature 
field equations, which are formally very similar to the 
Maxwell equations of electrodynamics. A summary of 
results based on the curvature equations is unnecessary 
here because the important results are broken out in the 
text and are easily reviewed by scanning through the pa- 
per and reading only these. It suffices here to emphasize 
the meaning of some of these results for general relativ- 
ity. What we hope the reader will carefully consider is 
whether the curvature equations are a more satisfactory 
choice for the field equations of general relativity than is 
the conventional Einstein equation. The facts suggesting 
this might be the case are the following: 

A. The Case For the Curvature Equations 

• The curvature equations are immune from the 
vacuum-energy problem because the vacuum en- 
ergy of quantum fields has no effect on the cur- 
vature or metric of spacetime, according to these 
equations. The solution of the vacuum-energy 
problem is important, of course, because, if the 
very large estimates of the vacuum energy density 
of quantum fields are correct and used as the source 
term in the conventional Einstein's equation, we 
derive what is perhaps the largest discrepancy be- 
tween observation and an accepted theory yet en- 
countered in physics. 
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• The curvature equations explain the accelerated ex- 
pansion of the universe by identifying the "dark en- 
ergy" as a certain integration constant in the first 
integral of the curvature equations, which is un- 
related to the vacuum energy of quantum fields. 
This allows us to understand how the "dark energy 
density" can be so vastly smaller than estimates of 
the vacuum energy density of quantum fields, and 
shows the term "dark energy" to be a misnomer. 
Moreover, the observed small value of the "dark- 
energy density" is strong evidence that the "dark- 
energy" is not the vacuum energy of a quantum 
field. 

• With the "dark energy" identified as an integration 
tensor, no field is necessary to drive the accelerated 
expansion of the universe. An accelerating universe 
is simply one of the solutions of the curvature equa- 
tions, even for an empty universe containing no 
particles or radiation whatsoever. Therefore, the 
interpretation of general relativity proposed here 
predicts that no field will be found whose vacuum 
energy density has the observed value of pdC^ be- 
cause none is necessary. 

• The curvature equations also predict that the effec- 
tive cosmological constant A = ^-nCpdj (? is exactly 
constant. An observation showing a time-varying 
cosmological constant, as would be expected for a 
"slow-roll" scalar field, would rule out the present 
interpretation of dark energy. 

• The curvature equations, together with Conditions 
1 and 2, are equivalent to the new Einstein equation 
(|62)) . and this is known to be consistent with all 
observational tests of general relativity. The new 
Einstein equation, with no contribution from the 
quantum vacuum energy and with the dark-energy 
density (or cosmological constant) chosen to agree 
with observation, is, in fact, the working field equa- 
tion of present-day general relativity. 



B. The Case Against the Curvature Equations 

In addition to the above arguments suggesting that 
the curvature equations might better serve as the field 
equations of general relativity than the original Einstein 
equation, there are, of course, arguments against adopt- 
ing the curvature equations for this purpose. We list 
below some of these objections: 

• Without additional conditions, the curvature equa- 
tions have vastly more solutions than the conven- 
tional Einstein equation. Many of these solutions 
(which are associated with the different possible in- 
tegration tensors X^^"^ in Result IV) are unphysical 
or are inconsistent with observation. 



• The local conservation of energy-momentum, as ex- 
pressed by the condition \7,jT^'^ = 0, is not an 
immediate consequence of the curvature equations 
(as it is for the conventional Einstein field equa- 
tion), and must be imposed as a additional condi- 
tion (Condition 1), albeit a condition required by 
the principle of equivalence. 

• The vacuum source term A'"' in the new Einstein 
equation (j56p . which is derived from the curva- 
ture equations, is not automatically of the locally 
Lorentz invariant form A'"' = —p^c^g'^'^. This too 
must be imposed as an additional constraint (Con- 
dition 2) if solutions of the curvature equations are 
to be consistent with the principle of equivalence 
and with observation. 

• Even with Conditions 1 and 2 accepted as reason- 
able, the value of the dark-energy density pdC^ is 
not predicted by the curvature equations; it is an 
integration constant determined by the initial con- 
ditions for the universe; conditions which could 
be different in a universe that began differently. 
Therefore we have no predicted value for the dark- 
energy density to be compared with the observed 
value as evidence for or against the curvature equa- 
tions. 

In summary, on the one hand the curvature equations 
have a particular first integral, 

G''" = ^ {Tr - Pdc'g^-) , (67) 

which is an Einstein equation consistent with all observa- 
tional reults. The vacuum energy of quantum fields does 
not appear in this equation because the vacuum energy- 
momentum tensor contributes nothing to the source term 
of the curvature equations, and the "dark energy den- 
sity" pdc'^ can have its small observed value because this 
is an integration constant for the curvature equations un- 
related to the large vacuum energy density. This could 
possibly be the answer to the vacuum-energy and dark- 
energy puzzles of general relativity [and Eq. (j67p is a 
first integral of the curvature equations, and a possible 
solution to these problems, whether or not we impose 
Conditions 1 and 2 ]. 

On the other hand, Eq. (j67p is not a unique first in- 
tegral of the curvature equations. There are many other 
possible first integrals, and among these many that dis- 
agree with observation. We have argued that Conditions 
1 and 2 (which we view as consequences of the princi- 
ple of equivalence) go a long way toward removing this 
arbitrariness and restricting the general first integral of 
Result IV to the form ([57)1 . But the introduction of such 
subsidary conditions does not seem entirely natural or 
satisfying. In the final analysis, we cannot say why Na- 
ture has chosen the particular first integral of the cur- 
vature equations (|67p for the universe in which we live, 
only that it is a possibility she has done so. 
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APPENDIX A: DERIVATION OF THE 
CURVATURE EQUATIONS FROM THE 
EINSTEIN EQUATION 

The first of the curvature equations (fTa|) is the Bianchi 
relation. It is a well known identity derivable from the 
definition of the curvature tensor and does not require 
proof here. 

The second curvature equation (jlbp is derived from 
the Einstein equation as follows. Raise the index a in 
()la|l . contract this index with lj, and use the definition 
= R'^ pujfi of the Ricci tensor to obtain the contracted 
Bianchi identity 

'^i^R^ Ptif — V^i?/3i, — '^vRpn- (Al) 
Then use the Einstein equation 

Rp.^^-^{T,.-\9puT) (A2) 

on the right in (jAljl and the symmetry properties of the 
curvature tensor {R^ p^j^u — ~R^vi3^) to obtain 

SttG 1 

-V,iT^f,~^g^f3T)]. (A3) 

Raising of index /3 and relabeling indices puts this in the 
form of the second curvature equation (jlbp with source 
term ([2a|). 

Incidentally, if we include a cosmological term Agp^ on 
the right in the Einstein equation (|A2p , the result (|A3p is 
unchanged because the covariant derivatives on the right 
in (|Aip gives zero when acting on the cosmological term. 

APPENDIX B: ACTION PRINCIPLES: 
GRAVITATIONAL AND ELECTRODYNAMIC 

The action for the curvature equations with a pre- 
scribed source J„°'^ , 

Sg — 77— / {R"'^'^" RaPfiv 

+ 16nj;^Pr''^p)V^ d'x, (Bl) 



is expressed in terms of the "metric free" form of the 
curvature tensor, 

R'^Pfj.u = dfj,r°'p^, — di,T"p^ + r"^^r'^^y — r^^^r"^^^, (B2) 

as 

Sg = ^ jy'^g^^f'g.^R^sR'^p^, 

+ l&irJ^^^T^^p)^g d'x. (B3) 

This is analogous to expressing the electromagnetic ac- 
tion, 

-I- 167rJ'^vl^)V^ d'^x, (B4) 
in terms of the "metric free" form of the field tensor, 

Fpiu = V^A, - V,A^, (B5) 

as 

Sem = I (a'^^g^'FcpF,', 

-I- 167rJ^^^)V^ d'^x (B6) 

in the derivation of Maxwell's equations. 

In the electromagnetic derivation, one then considers 
a variation 8A^ of the potentials that is arbitrary ex- 
cept that it vanishes on the boundary of the four-volume 
S. The variation of (|B6p is 

5Sem = I (g"V"[(5F„0)Fp. + F„/3(5F,,,)] 

+ 167rJ^M^)V^ d'^x, (B7) 

where 

SF^u = {5 A,) - V, (M^) . (B8) 

Essentially the same procedure is used in the gravita- 
tional case. The change of (jB3p . for a variation ST^^p 

of the connections, treating as a prescribed source 
term, reads 

5Sg = ^ |^(.9%^^3'''5a-[(<5i?'\.5)i?V 

+ l&nJ^^f'5T^^p)^ d^x, (B9) 

where the variation of the curvature tensor is given by 
the Palatini identity, 

= (^OJ - (-^r^^J , (BIO) 

which is the gravitational analogue of Eq. (jBSp . 

In both cases the "metric free" form of the field tensor 
represents the solution of the source-free field equation. 
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The expression (|B5|) for the field tensor Ffj^^ in terms of 
the potentials is the solution of the Maxwell equation 



0, 



(Bll) 



and the formula (|B2p for the gravitational field R'^p^^ in 
terms of the "potentials" F'^^^ is the solution of the first 
curvature equation, 



Continuing in this parallel fashion, we use (jBSP in 
Eq. (jB7p . invoke the antisymmetry of -F^tiy, and perform 
some index manipulations to obtain 



5Sem = / [-J^^"V,(M, 



and similarly for gravitation, using (|BT01i inEq.mi, and 
then using the symmetry of R°'p^^ on its last two indexes, 
we arrive at 



for the prescribed sources under consideration. 

This derivation of the curvature equations from an ac- 
tion principle is not entirely satisfactory. It is a valid 
derivation when is treated as a prescribed source 
term, i.e., J^^ is assumed not to change under the vari- 
ation ^r''^^. But, if the energy-momentum tensor T^^ is 
taken to be the prescribed source instead of J^^ , then, 
(B12) according to its definition (p3| . J^^ contains the connec- 
tion coefficients F^^^ because of the covariant derivatives 
in this definition, and so J^p is not independent of the 
variation SJ^^ and one does not obtain the correct source 
term in the curvature equations by this variation. This 
difficulty is limited to the source term in the action (|B1|1 , 
and there is no problem with the action for the vacuum 
curvature equations. In any case, this is a problem with 
the derivation of the curvature equations from an action 
principle, and not a problem with the curvature equa- 
tions themselves, which are certainly correct equations 
in general relativity. 



(B13) 



1 /j-i?/^''v.(<5rv) 

Then using identities 



(B14) 



-(V,F'''')M^, (B15) 
-~{V,r£^'')5V<^P^, (B16) 



in Eqs. (jBlSp and (|B14p . respectively, and applying 
Stokes' theorem 

V.F"y=gd^x= / n.V'^Sy, (B17) 

S JdT. 

which is applicable because the quantities in square 
brackets in (jBlSp and (|B16p are vectors [here 7ij is the 
metric and the coordinates on the boundary (9E of 
S], we have vanishing boundary integrals because SA^^ 
and ^r'^^^ vanish on the boundary, and (|B13p and (|B14p 
become 



SSem 
and 
SSg 



- [ (V^F^"" + 'inJ'')6A^y^d-^x, (B18) 



(B19) 

Finally, because SA^ and ST^p are arbitrary, the ac- 
tion principles SSem = and SSg = give the second 
Maxwell equation 



and the second curvature equation 

W.Rj'^-' = -AttJJ'''. 



(B20) 
(B21) 



APPENDIX C: THE CAUCHY PROBLEM FOR 
THE INTEGRATION TENSOR 

For the present argument, we can work in Gaussian 
normal coordinates, for which the metric takes the form 

ds^ = + gijdx'dx^ (CI) 

= ct is the time coordinate, and (i = 1, 2, 3) are 
space coordinates. For these "synchronous coordinates" , 
condition ((57)) for the integration tensor X^'^ may be 
expanded as 



ldX„ 



c dt 



dx'- 



v\,x;, (C2) 



and, for a — and (3 — i, condition (j58p may be written 
as 



IdX, 



dt 



dxl_ 

dx^ 



(C3) 



Thus, if X'^'^ and its spatial derivatives are known on 
the spacelike hypersurface E at a given value of time t, 
Eq. den and ^ determine X^°{t + dt)[= X^^{t) + 
(dXi^/dt)dt\ and + dt) [= + {dX^^/dt)dt\ 

at a short time dt into the future. The remaining el- 
ements Xq of X^ are determined at time t + dt by 
Xq^ — —g^'^Xf.^, because X^j, is symmetric, and we can 
step out the solution in this way for any number of time 
steps dt. This demonstrates that, if and its spatial 
derivatives dX^]^ /dx"^ are known on S at time ioj the 
conditions (|57|) and ([SS]) determine at later time t in 
these coordinates, and in any coordinates by the tensor 
transformation law. 
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